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1.4 Introduction Sequential Monte Carlo Methods

xt ∼ qt(· | xt−1) yt ∼ ft(· | xt)

Let yt = (y1, . . . , yt).

t t + 1

p(xt | yt) p(xt+1 | yt, yt+1)

x
(1)
t −→ x

(1)
t+1

... ...

x
(m)
t −→ x

(m)
t+1
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Note that

p(xt, xt+1 | y1, . . . , yt) ∝ qt(xt+1 | xt)p(xt | y1, . . . , yt)

t t + 1
2 t + 1

p(xt | yt) p(xt+1 | yt) p(xt+1 | yt, yt+1)

↘ ↗
qt(· | xt)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x
(1)
t −→ x

(1)
t+1 −→ ?

... ... ...

x
(m)
t −→ x

(m)
t+1 −→ ?
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Note that

p(xt, xt+1 | y1, . . . , yt, yt+1) ∝ ft(yt+1 | xt+1)p(xt, xt+1 | y1, . . . , yt)

t t + 1
2 t + 1

p(xt | yt) p(xt+1 | yt) p(xt+1 | yt, yt+1)

↘ ↗ ↘ ↗
qt(· | xt) wt+1=ft+1(yt+1|xt+1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x
(1)
t −→ x

(1)
t+1 −→ (x

(1)
t+1, w

(1)
t+1)

... ... ...

x
(m)
t −→ x

(m)
t+1 −→ (x

(m)
t+1, w

(m)
t+1)
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Example:

xt = xt−1 + et

yt = xt + εt

where et ∼ N(0, 1), εt ∼ N(0, 1), and

x0 ∼ N(0, 1)
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Sequential Importance Sampling

SIS Step: for j = 1, . . . , m:

(A) Draw x
(j)
t from g(xt | x(j)

t−1, yt)

(B) Compute the incremental weight

u
(j)
t =

p(x
(j)
t | yt)

pt−1(x
(j)
t−1 | yt−1)g(x

(j)
t | x(j)

t−1)

and the new weight

w
(j)
t = u

(j)
t w

(j)
t−1
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Proof:

w
(j)
t =

t∏
s=1

u(j)
s

=
p(x

(j)
t | yt)

pt−1(x
(j)
t−1 | yt−1)g(x

(j)
t | x(j)

t−1)
× p(x

(j)
t−1 | yt−1)

pt−2(x
(j)
t−2 | yt−2)g(x

(j)
t−1 | x(j)

t−2)
· · ·

× · · · × p(x
(j)
2 | y2)

p1(x
(j)
1 | y1)g(x

(j)
2 | x(j)

1 )
× p(x

(j)
1 | y1)

g(x
(j)
1 )

=
p(x

(j)
t | yt)

g1(x1)
∏t

s=2 g(x
(j)
s | x(j)

s−1)
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